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5^ ' Abstract 

^2 \ In 2003, Eve ||2l, studied seven means from geometrical point of view. These means are 

Harmonic, Geometric, Arithmetic, Heronian, Contra-harmonic, Root-mean square and Centroidal 

QQ I mean. Some of these means are particular cases of Gini's |3| mean of order r and s. In 

this paper we have established some proportionality relations having these means. Some 

^^^ _ inequalities among some of differences arising due to seven means inequalities are also 

LJ ■ established. 

1^ ', Key words: Arithmetic mean. Geometric mean, Heronian mean, triangular discrimination, Hellingar's 

C^ ' distance 
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00 ■ 1 Seven Geometrical Means 

00 , 

^ . Let a, 6 > be two positive numbers. In 2003, Eves [2j studied the geometrical interpretation 

• i of the folio wine seven menas: 

m , 

O ■ 1. Arithmetic mean: A{a, b) = {a + b)/2; 



2. Geometric mean: G{a, b) = \Jab; 

3. Harmonic mean: if (o, b) = 2ab/{a + b); 

X' 

j^ I 4. Heronian mean: N{a, b) = (a + ^fab + 6 j /3; 

5. Contra-harmonic mean: C{a, b) = [a? + b"^) /{a + b) 

6. Root-mean-square: S{a,b) = J {a^ + ^^)/2 

7. Centroidal mean: R{a, b) = 2 [a^ + ab + 6^) /3 (a + b) 

Except 4 and 7 the above means are particular cases of well-known Gini |3| mean of order 
r and s is given by 

yob r = s = • (1) 



Er,sia,b) 



In particular, we have -E_i,o = H, -E_i/2,i/2 = G, E'o.i = ^, -^0,2 = 5* and £'1,2 = R- Since 
Er^s = Es^r, the Gini-mean Er^s{a, b) is an increasing function in r or s HI. In view of this we 
have H<G<A<S<C. Moreover we can easily verify the follow^ing inequality having the 
above seven means: 

H<G<N<A<R<S<C. (2) 

We can write, M{a, b) = h fuicL/h), where Mstands for any of the above seven means, then we 
have 

fuix) < fcix) < fN{x)) < fA{x) < fR{x) < fs{x) < fc{x), (3) 

where fnix) = 2x/{x + 1), fdx) = ^i, /jv(x ) = {x + ^ + l)/3, /a(x) = (x + l)/2, /^(x) = 
2(x2 + X + l)/3(x + 1), /s(x) = v^(x2 + l)/2 and fc{x) = (x^ + l)/(x + 1), Vx > 0, x / 1. We 
have equality sign in ((S]) iff x = 1. For simplicity, let us write 

DAB = bfAB{a,b), (4) 

where fuv{x) = fu{x) — fv{x), with U > V. Inequalities appearing in ((2]) admits 21 nonnega- 
tive differences. Some of these are equal with multiplicative constants as given below: 

A := 3DcR = 2Dah = 2Dca = Dch = QDra = ^Drh, (5) 

h := 3Dan = Dag = ^Dng (6) 

and 

Dec = 3Drn. (7) 

The measures A and h appearing in (|5]) and (|6]) are respectively the triangular discrimination 
||5| and Hellingar's distance [4J respectively and are given by 

. , , , (a — b) 
a + b 

and 

(^-VbV 

hia,b) = ^ ^-^. 

More studied on these two measures can be seen in ||6HZl|8l. 

We shall improve considerably the inequalities given in Q. For this we need first the con- 
vexity of the difference of means. In total, we have 21 differences. Some of them are equal to 
each other with some multiplicative constants. Some of them are not convex and some of them 
are convex. 

2 Convexity of Difference of Means 

Let us prove now the convexity of some of the difference of means arising due to inequalities 
^. In order to prove it we shall make use of the following lemma IHIZl- 



Lemma 2.1. Let f : I c R+ — > R be a convex and differentiable function satisfying f{l) = 0. Consider 
a function 

(Pf{a,b) = af (-] , a,b>0, 



then the function (ff{a,b) is convex in R\. Additionally, if f'{l) = 0, then the following inequality 
hold: 



< ipfia,b) < ( — ^j ^f'ia,b)- 



In all the cases, it is easy to check that /ab(1) = /a(1) — /b(1) = 1 — 1 = 0. According to 
Lemma 2.1, it is sufficient to show the convexity of the functions fAB{x). It requires only to 
show that the second order derivative of fAsi^) to be nonnegative for all x > 0. Here below 
are the second order derivatives of the convex functions: 



2 

fcsix) = fc{x) - f'six) = - 



2(2x^ + 2)^^'^ -(x + if 



(x + 1)3 (2x2 + 2)3/=^ 

fcNix) = fcix) - fN{x) = I2x3/2(x+l)3 ^ "' 

/" (x) = /''(x) - fUx) = \ > 0, 

f" ( ^ f"( ^ f"(^ 12x3/2 + (x2 + 1) V2^^T2 ^ ^ 

fsNix) = fsix) - /,(X) = 12.3/2 (,2 + l)V2x2 + 2 > ^■ 

f" (x) - fix) - fix) - '^'^' + (^' + ^) ^^^^^+^ > 

f" ( ^ f"( \ f"(\ (x + lf + 4(x2 + l)V2^^T2 ^ ^ 

t^H\X) = /q(x — fuix) = 5 , > 0, 

JSH\ ) JS\ > JH\ ) (x + 1)3 (x2 + 1) V2^^T2 

fAcix) = f'iix) - fcix) = j^ > 0, 

4 
flnix) = flix) - fuix) = -3 > 

(x + 1) 



and 



fkci^) = a^) - f'c^ix) = ..7, ^ L > 0- 



1 6x3/2 + 3 (x + 1)^ 

4x3/2 (x + 1) 



3/2 



Since, S > A, this implies that ^3 > A^, i.e., ( ^^J - (^) ^ > 0. This gives 2 (2x2 + 2 

(x + 1)' > 0. Thus we have fcs{x) > for all x > 0. The difference means Dsr, Dnh and 
Dgh are not convex. 



3 Inequalities among of Differences of Means 

In this section we shall bring sequence of inequalities based on the differences arising due to 
(??). This we shall present in two parts. The results given in this section are based on the 
applications of the following lemma |6, 7J: 

Lemma 3.1. Let fi,f2'-lc R+ -^Rbe two convex functions satisfying the assumptions: 
(i)Ml) = f[{l) = 0,f2{l) = m) = 0; 
(ii) /i and /2 are twice differentiable in R+; 
(Hi) there exists the real constants a, (3 such that < a < (3 and 

for all X > then we have the inequalities: 

a(pf^{a,b) <ipf^{a,b) < 13 ipf^{a,b), 
for all a,b G (0, oo), where the function </>(.) (a, b) is as defined in Lemma 2.1. 

The inequalities appearing in ^ admits 21 nonnegative differences. The differences satis- 
fies some simple inequalities. These are given by the foUow^ing pyramid: 

Dgh; 

Dng < Dnh] 

Dan < Dag < Dah'-, 

Dra < DjiN < Drg < Drh; 
DsR < DsA < DsN < DsG < DsH', 

Das < DcR < DcA < Don < Dog < Dgh, 

where the Dgh = G — H, Dng = N — G, Dgs = G — S, etc. As we have seen above some of 
these differences are equals with multiplicative constants. 

The difference means Dsr, Dnh ctnd Dgh are not convex. The other convex measures sat- 
isfies some interesting inequalities with each other given by the theorem below. 

Theorem 3.1. The following inequalities hold: 

Proof We shall prove above result by parts. Here w^e shall use frequently the second order 
derivatives given in section 2. 



1. ForDsA < fDsN: Let us consider the function gsA_SN{x) = f'sA^^)/ f'sN^^)- This gives 



9sa_sn{^) 



72 {x^ - 1) ^V2x2 + 2 [ > x<l 

2 1 <0 X > 1 



24x3/2 + (2x2 + 2) 



3/2 



Also we have 



/3s'A_SAr = sup gsA_SN{x) = fl'Syl_SAf(l) 
xe(o,oo) 



(9) 



By the appHcation Lemma 3.1 with (O we get the required result. 
2. For DsA < |Dsh: Let us consider the function gsA_SH{x) = f'sA^^)/ f'sH^^)- "^^^^ gives 

12(x-l)(x + l)V2x2 + 2 r >0 x<l 



dSA.SHW 



(x + 1)'^ + 4 (x2 + 1) V2x2 + 2 



< X > 1 



Also we have 



I3SA_SH = sup 55A_5//(a;) = gSA_SH{'^) 

a:e(0,oo) 



(10) 



By the application Lemma 3.1 with fTOl ) we get the required result. 
3. For DsH < |Dcr: Let us consider the function gsH_CR{x) = fsH^x)/f'^^{x). This gives 



9(x-l)(x + l)^ 



9SH_CR\^J — ^ / o , -n2 



> X < 1 



Also we have 



(x2 + l)V2x2 + 2 I <0 x> 1 



PsA_SH = sup gsA_SH{x) = gsA.sui'^) 

a:e(0,oo) 



(11) 



By the application Lemma 3.1 with ((12)) we get the required result. 
4. ForDcR < |Dcn: Let us consider the function gcR_CN{x) = fcR(.^)/fcNi^)- This gives 

48^(x-l)(x + l)^ r > x<l 



9cr_cn{^) 



48x3/2 + (x + 1) 



3 2 I <0 X> 1 ■ 



Also we have 



PCR.CN = sup gcRJJN{x) = gcRjONi'^) 

a:e(0,oo) 



(12) 



By the application Lemma 3.1 with ((TT)) we get the required result. 



5. For DcR < |Dsg: Let us consider the function gcR_SG{x) = fcRi^)/fsGi^)- This gives 

9CR_SGi^) = 



16 (x - 1) ^\/2a;2 + 2 x vi (x) 



{x + lf 4x3/2 + (x2 + 1) V2x2 + 2 



> X < 1 
<0 x> 1 ' 



where 



i-ilx) = (x^ + 1)^ ^2x2 + 2 - 8x^/2 ^ 8 



x2 + 1 



(V^)^ 



>0 



Above expression holds since 5 > G, Vx > 0, x 7^ 1. Also we have 

2 

PCR.SG = sup gcR_SG{x) = gcR.SGi'^) = o 

xe(o,oo) "J 



(13) 



By the application Lemma 3.1 with (|T3|) w^e get the required result. 



6. For DsN < |Dcn: We have Psn.cn = fsNi'^)/fcNi'^) = f Now, we have to show 
that ^DcN - DsN > 0, i.e., \ (4C + 3N - 7S) > 0. We can write ^Dcn - Dsn = 
bfcN_SN{a/b), where 



fcN_SN{x) = ^fsN{x) - fcN{x) = i4(^ X Mx), 



where 



V2 



(x) = lOx^ + 10 + 4x + 2x^/^ + 2Vx - 7 (x + 1) \/2x2 + 2. 



In order to prove the non-negativity of V2{x), let us consider the function 



/i2(x) = ( lOx^ + 10 + 4x + 2x^/^ + 2^/^] - [7{x + 1) \/2x2 + 2 
' 2x2 + 48x^/2 + 68x + 48 Vx + 2) {^/^ - l)\ 



Since h2{x) > 0, giving V2{x) > 0, Vx > 0. This implies that fcNj5N{x) > 0, Vx > 0, hence 
proving the required result. 

Argument: Let a and b two positive numbers, i.e., a > and b > 0. If a^ — b"^ > 0, then we can 
conclude that a > b because a — b = {0? — b"^)/ {a + b). We have used this argument to prove 
V2{x) > 0,Vx >0. 

7. For Dsn < fOsG: Let us consider the function gsN_SG{x) = fsN(^)/fsG(^)- This gives 



9sN_SGi^) 



4VS (x2 - 1) V2x2 + 2 r > X < 1 



4x3/2 + (x2 + 1) V2x2 + 2 



2 <0 X > 1 ■ 



Also we have 



PSBN_SG = sup gsN_SG{x) = gSN_SG{'^) 



(14) 



By the application Lemma 3.1 with ((14)) we get the required result. 



8. For DcN < |Dcs: We have f3cN_cs = f'cNi'^)! f'csi'^) = |- Now, we have to show that 
iDcs - Don > 0, i.e., i (4C + 3N - 7S) > 0. This is true in view of part 6. 

9. For Dcs < 3D an: Let us consider the function gcs-AN{x) = f'csi^)/ f'AN^^)- ^^^^ gives 



9cs^n{x) 



18y^(x — 1) X vz{x) 



(x2 + 1)2 (x + 1)2 V2x2 + 2 I < X > 1 



> X < 1 



where 



V3(x) =4(^2 + 1) \/2a;2 + 2 - (x + 1)' 

2 



32 



x^ + l 



x + 1 



>0. 



Above expression holds since 5>74, Vx>0,x/1. Also we have 

I3CS_AN = sup ffCS-AAfCx) = 5CS_AAf(l) = 3. 
a;S(0,oo) 



(15) 



By the application Lemma 3.1 with flSl ) w^e get the required result. 
10. ForDcN < |Dcg: Let us consider the function gcNjOG{x) = f'cNi^)/ f'cG^^)- This gives 

i6Vi(x-i)(x + i)2 r >o x<l 



9CN_CG\ 



16x3/2 + (x + 1)^ 



Also we have 



< X > 1 



7 



PcN.CG = sup gcN_CG{x) = gGN.CGiX) = q- 
a;e{0,oo) y 



(16) 



By the application Lemma 3.1 with ( |T6l ) we get the required result. 

11. For DsG < f Drg: We have Psg.rg = /5G(l)//i?G(l) = §• Now, we have to show that 
IDrg - DsG > 0, i.e., i (6i? - G - 5S) > 0. We can write IDrg - Dsg = h fsG_RG{a/b), 



where 
where 



fsGJiG{x) = yRG{x) - fsG{x) = io(i+i) X V:i{x), 



vz{x) = 8 (x^ + X + 1) - 2^/^ (x + 1) - 5 (x + 1) \/2x2 + 2 
In order to prove the non-negativity of 1^3 (x), let us consider the function 

l2 



/i3(x) = [8 (x^ + X + 1) - 2^ (x + 1)] "" - (5 (x + 1) V2x2 + 2 
14x2 _^ 24x^/2 _^ 44^ _^ 24Vx + 14) ( Vx - l)^ . 



Since /i3(x) > 0, giving ti3(x) > 0, Vx > 0. The non-negativity of the expression 8 (x^ + x + l)- 
l^fx (x + 1) can be shown easily following the same lines, i.e. 

[4(x2 + x + l)]'- [V^(x + 1)]' 

= 16x*^ + 31x^ + 46x^ + 31x + 16 > 0. 

This iniplies that fsajicix) > 0, Vx > 0, hence proving the required result. 
12. For DcG < IDrg- Let us consider the function gcG.RG{x) = f'cG^^)/ i'liGi^)- This gives 

144^(x-l)(x + l)^ r >0 x<l 



9CG_RGix) 



16x3/2 + 3 (x + 1) 



2 <0 X> 1 



Also we have 

9 

I3CG_RG = sup gcG-Rcix) = gcG.RG{^) = T- (17) 

xe(o,oo) "^ 

By the application Lemma 3.1 with ((17)) we get the required result. 

13. For Drg < ^Dan- Let us consider the function gRG_AN{x) = fRG(^)/fAN(^)- "'"^is gives 

, 24^/x(x-l) / > X < 1 

9rG_AnW - (^^^)4 I < X > 1 ■ 

Also we have 

/3rG.AN = sup gRG.AN{x) = gRCANil) = 5. (18) 

a::e(0,oo) 

By the application Lemma 3.1 with flSl) we get the required result. 

D 
Remark 3.1. The above 13 parts allows writing inequalities in their equivalent forms: 

1. 2^ < AT; 7. 4G±5C < ^. 

2. 2C±7G < ^. g_5 < 4C±3iV; 

3. ^^ < A; 9. 9R + AS <9C + AH; 

4. ^^ < A; 10. 2G + 3C <2S + 3R; 

5. ^^±^ < R; 11. 3iV + C < 3A + 5; 

6. ^±^ <R 12. 5N + R<5A + G. 

Based on these equivalent versions, here below is an improvement over inequalities ap- 
pearing in (|2]): 



Proposition 3.1. The following inequalities hold: 

2G+S ^ ( S+-iN ^ C G+55 

Ah <^< dt 

3 J I 9 



H<G<\ ,c\7G \<N<^^±i^<\ ,sU <^< AG%C >< 



S I - 9C+AH-9R ^ n ^ 2S+3R-2G 



<r T^ <r ) (. <:- y^+'i^-yn ^ r< ^ zb+dn-zu (-\q\ 

-^-\5A + G-5N /- 2 -^- 3 • (l*^) 

Inequalities appearing ([19) can be proved by using similar arguments of Theorem 3.1. 

3.1 Proportionality Relations among Means 

As a part of (|8]l, let us consider the following inequalities: 

iA < f DcTV < ^DcG < ^Drg < h. (20) 

The expression ( [20l) has six means istead of seven. For simplicity, let us rewrite the expression 

Wi<W2<W3<W4< W5, (21) 

where for example Wi = \A, W2 = jDcn, Wg = ^Dcg, etc. The inequalities ([21]) again 
admits 10 nonnegative differences. These differences satisfies some natural inequalities given 
in a pyramid below: 

where D^^^y^ := W2 — Wi, D^^^^^ := Wj — Wq, etc. Interestingly, the above 10 nonnegative 
differences are equals to each other by some multiplicative constants: 

7 ni — 21 n2 — 3 n3 _ is n4 _ 35 nS _ 

2^W2Wi — 8 ^W3W2 ~ 2^W3Wi — 8 -^1^414^3 ~ 32-^^414^2 ~ 

-5r)6 -5r)7 -3r)8 - J-n^ - iD^o _ (y^-v^) ,^2^ 

Based on the expressions Q]), ^, ^ and (|22)l we have the foUow^ing proportionality relations 
among the six means: 

1. AA = 2{C + H) = 3R + H; 5. C + 6A = H + 6R; 

2. 3R = C + 2A = 2C + H; 6. C + 3N = G + 3R; 

3. 3N = 2A + G; 7. 3N + 2A = 2G + 2H + G; 

4. 3C + 2H = 3R + 2A; 8. 27R + 2G = UA + 9G + 6N; 



9. 3iN + 3R) = 8A + 3C + G; 11. AG + UH + 17C = 9R + UA + 12iV; 

10. 3G + 8H + 9C = 3R + 8A + 9N; 12. 5G + 24H + 31C = 21i? + 24A + 15N. 
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